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Changing Acceleration with Basic Dependencies

1 Dimensional Example:

ER RN

X (&) = Xo Vg t

SF= ey SFkt? Wt
7F""‘(ﬁ‘) A=t v =% t*Jt
-£2 N=Vox=xe at £20 y =5 (£ 40)
Ve =7 \, = ¢
y(e)=1 '\/:%m t! + Ve
B“—'yaqt 1"\/-
Jx= an’ +V)Jt
ydx=%,§¢ etV §)e
K=Ymb 1 et +c
)(a—é
KDz t" + Vet X,
2 Dimensional Example:
E A 0x=0
Ar £=0 ! g => 5 =0 =D VrL-0
. : t:o => Y%=V
/Vo:/‘/ex,l“+lv.9¥$ : ’
EF: -Mﬂj\ : jff "/XS
= = 4 : X N Jt
&’ ﬁ) : x=Wx £+ =DE=0:Xe=(

V(= Yoni + (Voy-38)5
XCEYT X (T + y(e)]

F ()= (Kot Vox )74 o tVayt-last?

= Noy -9t
'V'Ig t'ﬁSth

Yoy t ’9%* C=yE=0,C5,

'V;(f)7 Vox
: Jr
7
f,-9 Ux
IV Sy -
TF -9
SJ'VI-"ﬂs)" ! =
Ny =-9t + L
£7 Yoz Yoy 2> ey =C
(VY(t) :'Vv) -9t

Y(E)= Yo t Voy t = Vast?
’Vy(t) :‘\/07—56
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Ex.

/\/x(f')='l/u‘%—4t3 X(f)?'\/&xt—%+)(p

______________________________________________________________

eF=-11 35 (Jam(e)f,:fl T s
| =t SJx = Yot - /5»151‘5)!
t=0, Xe‘x°l+)'J E 5)%‘ = %St'}t K= 'lef:‘}%ra(’)f‘c
(VQTIVWJ 1 rVn/j\ E ’V,\—_%"t"’l( X = (Ve)(é 3. 1+ L
Yox = C (-Xs

HGE AR A (PR
(J'V1 _ Tt
P SIr=sS)i + S - K
vy = §e™)e £ 20yt ) e+ 4 42
Yy -+ (5 + ¢ £E=0 =7 Jo =gt =2 (= o =
20 =5V y=75 1 f(t):/o—'f}_n* ('Ver*'(,«.)t*)g,.
C:V‘)"f%r-

Vy -—T(?T,e‘ - Yoy + K,
Wyt )- Hor + o (1= &%)
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Derivation of integral of In(x)

Y,
' J%JWTLWV—fv)w

M(x =
5/<m Jx = xAnx SX)(Am)i |

b= Lny
'\/Tx

J
ey

— )(Rn)\~5)( (i))x
= Xhnx — ¥
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Accelerations Caused by Force that depends on velocity

Drag Force:
Typically an example of a force that depends on velocity

S L
o=A-6v' k-VCkby) = ZL,( (A-v t ki)
E=9—> V=9, x=X, T TTIITTToTTToTmmmmmsomssoooooees
Jv Zk (S kH/ E§)t
e =A "By’ 2 (- m vy xn(}uw) bt +c
() l A+ t=0
jS(AJ—H) Sé /2k('/enk+xnk):rL = (7))

N

(A oy 95)é

(/P,\Zikz /ZK(Kw(k'r'V)—Rn(k-vﬂ = Bt

Lk +v) = An(k-v) = 2 KBt
Sty - 830 bl - gt
(k=-V kW 248t

)Y kv = ®
Ck-v) (kra) = BS“ kiv= (k-w)e 8
.______L_____________l ________ k*-v kﬂugt (yezlpf
m + E% = (E)(kf-‘V) ,V(lf_ﬁZkZlL) ”(”}((’kl?{
(W D(h-v) i o >
(k) (k-vD (k-v)(K3¥) Y. TN
'V:-‘/% /'4-:‘/;9& >

k(D)) v/ (C=D) = |
(-D>0 o e 2t

C=p ’V r(lre’m)

b no A

term on

S LLES

k(ctp)=)

k(2p)=
D= ix=¢
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Forces

Newtons First Law:

+ Object at rests stays at rest and object in uniform motion stays that
way unless acted on by unbalanced force

+ Forces can cause change in state of motion

+ Idea of inertia: objects resist change

Newtons Second Law:
+ Force is equal to rate of change of momentum

7
ZF'H
M =¢cons

SF=37% (nw)
Z2F=nra

Newtons Third Law;
+ Every action force has equal and opposite reaction force

System:
+  System of objects: objects have to be connected in some way and
they all have to have SAME acceleration

O Mz 7M, Zﬁxra‘rml: /;l —Fjl
Ffl‘uian/cs; fé{”y Mas-Mig :(/"l.r/"ll)g\
System: M1, M2 and String A=CM-M)g
Internal Forces: Tension Mt My

AFr External Forces: Gravity

A Fr .
ET . —4% é; FT—/’lu -Ma

' . Fr=~(8r3)

%/EI l/& :‘> £, | M ET 0?7 M,_;sz
Fs.
Fs,
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Ex. TF’"

7 L Fr
ff‘ ‘/V\“ ’LFM
Va -
L Ve, AFr ‘—> f:f \%1 fr Fr
Vi = \
E’l] l@ fq
Fs.
2F. =0 Fe=2(Ms) SFu=Fs, -
Fm'—r—}, (M:fMt)A:M29—”(AI3>
Fa, =M, 9 Aa=Mg— (MY
(/‘11*'/”2>

(‘vm)-~(v -y)

N o de 1)

ZFIJ:MA

hass -
(hRaf Mayss ()Q[)j/"f-Y; /lfrwh = A

Fay = Mrsn
(:
L5 py

L
9 9. (2
a=T V ot F)’

v 3 JIZ/-?ZYJC
Bery frdr =571
N Ty Ay =%+ +L
by Ly £-0,7=€ (Where £-0)
y I—
’V)V:% J): an‘Qﬂz—rt
e ol =
,\2/ =90 6 % = Mt

2 +L =9
V_’jjjl— ar £=0,v>0,r=0 y——i@r—t
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Finding_ y as a function of time

R AN (G By -1) = [T ke e

Jx’, . %g"t E=0,7r=7,
Sﬁyzgf;@ <7L ./f’:‘— it

A R I AR _Z_’r Y [ = A

= y2(Sec*6 - 1)

=y2 (tan*6) YHIY-x  _ eJ/‘
43% = Jo e Btandd B . J7% ¢

Y4 [y=p2 =)0
% ¢
. S B+and Sy = e -y
S ), S &+anddf :/3/7& A .

2 y‘—yn
K400 O 4
Z)r)geﬁ = y2 () ")

Yy = Yo @
§secBlp=[le v e S
5&9(5(49 ttane) 5/
£ tcC
S sec®s ran® J ﬂ

[( - 56(—@"' tan®
Ju = (5ec®+and r 5¢<*B)JH

%:E{—+C
foy =J7 & 1 ¢

ﬂn(5€¢s+mn8) AR
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Simple Drag Force:

A fp=-by t=0, Y=,
() 2F=Fy~F
M) —hv= ma
ms-bv _d¥
T
vfs

(= /LJ( (n9 - bw)

E="7 An(ma-br) t Vb fn(mo-bw)
t= % (Ra(m3-b%) = fn(m3-b1y))
“Imt = An (E;f;/y)

“mt -ty
- mJ- b'/o

(m9- LV»)Q%'Mj— Ly
-(M9-bVo)e™ + MY

=
’V(f) ! (Me:li-é'voem\
ms_ v
V() = BB (4 >
M9

‘L/: VI z ffnn.‘nﬂ Veloci tY
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1st/2nd derivative with respect to time

D:de

Newtons Laws Applied to Circular Motion

. . . . a) 1st/2nd derivati ith tt
Derivation for Centripetal Acceleration 2 special coordinates
( Tanyent N .
g = X0ty

[
T=rces®irisinf)

A _F A n
Gr ST TSP rSingy
1\

Un; ¢ l/ecfor

é\ex * €0l cof(70 -B) -7)
Boy = legl sin (19-0)(J )
Be- -sinTr cos )

é\/ 'ée dot pro). Sheuld Le O {/. orthoyenal

A
F’ e o
= 7 _ dnd =
Vdf =k T
. & =jc (PenrcBd,) o
yoi ol Bodotrijiodibb, e it r bl
t t . . N . .
. - j_( . 83) =rér rrfz(c.ss?r %n95) + Qe Fré aerrefz(ws?f%sf)
< RIS Y) - - o 49 . .. 0o . &a . ~
AR “SBIMS ' io = =ié, N(—:m&ﬁ.’fns&:_‘:?)*feé\arreco r6(-CosOye ' 5’"8"“>
8t re(-3NO4T riosQST 5 8 (50 r 0383 ) 17 @80 r 65 Bpt 1O (0058 -5ing3)
8, Frr@(-sin®ir ces6i) Trérti§es ri B +rBle-rtés
: O (F-r6)enr(r&r2i8)
Vzpé rrdé, Gl PLE A
0= (F-ré)éor(r&r2i6)s
Ciltylar Motror re — Tangential Accel
YoLe05r. (¢ =9 9¢® - Corioli’s Acceleration

-r§’6~ - Centripetal acceleration
a :‘relérf fgée
v y?

pI¥FB —e—-r‘é\r - —
rer P r
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Elliptical Orbit Terminiology:

z ®>flaner
f e &5 —sun
Pers 8 Aehelyon ¥ /2
helson X r 7
Ser:\ﬁljn‘"
Circular Orbit:
,’//’ _____ \\\\\ ZF{‘N): F\ﬂ I(/laflz = éﬁ
e \\\ 2 T_ K
,// S /Yi_v\ - GY"‘M
i M \\ K R? l{/fﬂ? - '|-7—
! M/ ) 2 Im M
! (=" V=R
|\ /| \<~§§"$\"r‘ Ton 23
\ fr S

I


https://goodnotes.com/

Vertical Circle:

Roller coaster

f) 2) Fo-Fs50059 = ﬂ/ 3)

Fn -Fs "ﬁ&f fn = M (’ +j(95©>

%) Fﬂ*fﬂin@ﬂ'\‘% 5) anfj=?(—vz
Fr=m(k - 35in6) Fo=h (& -3)

nyt
K
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+ Force dot product displacement
+ Constant Force:

—_

W=F+ ax = Faxcos®

+  Work measured in Joules
+ For changing force:

/]
-C:Fx?*/:yjffz]:
i = Il e di5r i
S
A
Xe X0 x¢ x¢
W’— SFJr = Sfx)xf SF)\))H’SF)\))&
Xi A; Xi Xi
Ex. I Fﬂ_(;)'ﬂ,f
6 Yoy = =g )&
0 ey
—Fs M/;m = —G:IM Jo (7 9)
o= ¢ Lo
@ OX SJW}" éf‘;-vla' )r
_ GaM Wg:—GM/"l Fzr_r
@) = it r Wﬂ_’"G‘“M(_%)r.,

W,:GmM(FL'“f'T)
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Potential Energy

+  Work done by conservative force is path independent
+ Potential energy emerged from conservative forces

AU9 :@_V‘/j Gmm
Asz'?‘P:‘m_"T:UJf‘Ugi
_-Gmm
Lo
Vs = 2
Us =i
=-F)7
F=-Tu
TU=12 S SY
LyGradient operator
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ZWp*ZWnL: Ek{‘ = Ex;
Z/'(A ljb) + 2 Wn, = Ext -Exs
2 (UU 'U‘F>+ ZWni =Exe - Ex;
2 Vi v Ex.‘ t b, = Ekp ¥ Z(/L{

/V\E:' F 2Wne -~ ME¢

Ex.
= e ] éW.M1
l\(}r’\~\\ll (/.5575‘ = WT:I —“_r‘T ... r’BJ(
LN IR
AT \\(‘," My
(3"1_2 \\\
Do,
¢ f\'—'leg ry =2
Vi Ve Ve = Omys
Usr = -Cre™e Uss=p
Ke
EN=/.7V"'K’VEZ Exe=0
ZMM"— @

'/ZMV;*-M .

e

2
VE = Z—GL this velocity would

e escape Earth
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Quick Recap: -
\/\/:Slf:)?> Ujf_rm

-dls A

WL:‘AUL Fyijf_‘f

FL :’-sul_ :_?6",//\

(1)

Unsrable
7 eIl friam
F

Particle
overshoots the
equilibrium if
disturbed

~N

Object will not move
if disturbed

Neutral
e 7 §riam
N

stable
OO L riam

All Maxima are unstable
All Minima are stable
All flat are neutral
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Deriving Spring Potential Energy:

Xi %
Fs = -Kx§ t(ﬂ)(WHX =

Jx = ox i

W= - d5 =-kxts JiT=-Kedx
J)l'\/:f-kx Jx

w2,
W, = 4kxi =75 kxi

W = -AV,
\/\/s h U.‘ -Uf

US: l/y_k)(z

Power:

N\
<
QU
™

|

o
|I
]
ol

\
! g
|, ©
<)

-
-~


https://goodnotes.com/

Simple Harmonic Motion

Consider a spring:

k

Y0000

fs

-'.fn:Fﬁ
v -k,
Zﬁﬁm& - JM
N, -k
f5 = mo. ax gt - K
“Kx = ma vic -
\/(JV“,:\KJX

I = B xD
JD’K//X_.’-’X‘ :—j/%_()t

XITJ/%!—‘—TZ: = ﬂ-/_m SJt

U= %,
'}M:J’A,
e _ [«
e At

Sm"(t() = /’k/;q Ll
5,‘0" (//K,) :‘//k/;,{_- +C
t=0 x:x,
Sin (D) =¢
(=%
e = S/'n(m £+ ’L/z)

x(t) :XoSI'n(FV; E o+ ’L/z)
X=X, co5([bmt)
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Simple Harmonic Oscillator general equation:
X(t) - A (.‘)S(Wm t) t Bsin(% t)

Another Derivation:

Mma =-Kx ()——iw)x: Q
Q\‘K b Jt
=y J N
LR C(Jt*'“)x"o
b3
& =-WwW X _L’(\ 4
CJ‘I dt T -iwx 'ﬁ”f‘:-fb\/JJf _’Y('x':'l.W'L Tl
X
Jt? 2w Xz Agiwt
J %
tLWx=0 J
Jzt'z ﬁ—:;w\_»/znx:/u/)\'f‘])
djtﬁ— bWt k=0 x=perwt

( 4 J .
)t t iw)(ﬂ: - iw) x =0 X (E) 2 Ae""" t B¢t —> linear combination of solutions
V()= -iwhe ™ v iw Bei~t
t=0,x=x, V=0

Yo=A+B
= -iwA+iwh
0= F-A

-jwt iwt
X(H) = o ()
= Yo LaS(wE)
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Simple Harmonic Oscillator #2:

ZFrad 2= FJ’LD.SQ
7F{:—“Fj5/ﬂS

62/
§=LP

T

Are lAI\."Hl
_ s

Ve

v,
FGe = AIsind
Zz_ '_95/'09
J'e
LJ_ET =-45n8
7’8
YER T 5in®

Not simple harmonic
oscillator b/c not linear

However, in small angle
approximation:

5;‘n9 )

y® _ -9
Jtz - L @
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Springs in Parallel/Series

Series: Ketgecriye = Ke
K,X, =/<z Xa :ke (x:")\z)
X X2
2 e
kl kz k|X|:ke (le’lﬁ%—)
R e
K? - KI * k;
Parallel:
. ke X = k, x tKs x
(W ke = K+ ks
o)
Ky
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Linear Momentum

Center of Mass (Discrete set of masses)

f = i)"ll?-l>
[ Zm,‘ \ ,
)(L/‘" - s MiX; Z
Zm; / 121
- imy;
Yem L

For a Rigidbody/Extended Object (ex. A cone)

Mass can also be represented through density

Mm=pV
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Advanced Examples)

m Small Disk)
O’/ = ‘,{— Treat empty area as negative mass
2-D Deasity M= -0/
= -thte
L'M\j e D’.jk Using C as origin
MLT‘dA X _”Lﬁ.fm:f‘).
2 m = +
YRl -0 -ZAFLIR)
U -or gk
.._——ik
3

Semi-circular Wire)

7\:% XLr\: SAJ@“/‘(DSQ = ?”d 5CDS9JB

9

Y

:ﬁ\rzﬂne]: =)

s rger f\rlj}ﬁ/nSJB r ¢ _2r
YU\HJZ\—J;— = W :4—[—(_058]" -
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Cone)
Divide into disks of thickness dz

V=348 In=pdy

P ="Yarh Jm = Partdz
b g
s

L2 Jm = PasE Rz
G

L

)" 5/%”\%&%

= SZ3J2 A%i
§2h F
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Semi-Circular Plate)

Cut up into tiny wires

Kem ™= A=zarc
)ILM:Zf% %‘-24(‘ J
o = dk = 2ar or
A J,Lq/('
In=0Jp dk = e dr
Jr’\—O’ﬂer

a’m*/ J6’Afﬂ}r'—-—

e )J"’ ;dﬂ/‘/"

‘—2"//;’2”— _ 2y 1R

T g | —

2
ok 2 3n
2
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Impulse and Momentum:

= dBys
FSr; = ,/b:

RN
Psrs

Impulse Momentum Thm.

FS)S )t Jiosr:
t

sfm )t 5 )f:u
9 P

Pfrs £

=2 miW;
1=

fsr:;

System as a WHOLE will preserve momentum as long as not

changed by a foreign object/force

h

i) It

—_— . % — J
Csrs = Zf’li'V.‘ _"_Zm"ﬁ :._

n

Zm:rf n
_..> 2“ J'l' ih'_ = iglmi ]
a d7em
pﬁ; - Msys ¢
J dTem
2Fos = Jt :Jt Mers ]

0 5 (4F)
1\

Assuming Fsys is 0

=

mr L mr
JE T )t Z

Velocity of center of mass remains constant
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Interactions:

Explosion/Recoil:

« Shooting gun

+ Football

+  Moving with the same initial velocity —> interaction happens —
> components of system separate

Perfectly Inelastic:
« Same final velocity

Elastic:
« Separate at start and separate at end
+ Kinetic Energy is preserved

Inelastic:
+ Same as elastic but energy is lost
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Changing Mass Systems:
iv4 M TS VAV
<:;ﬂ

SPi=pn% t MY
5 fr =My Am) (V1 83) = MY +AMT s MaT + Ana7
AP = MALAMVE Mab + Ay — (WU ~pAY

= MM(V-U) MoV Apipw

Assume A M ccem Vo OIM(T-W) Fpsvr pmrw = AM(T-T) F moT
Ay ¢ety

= |im ar
7FE}‘+CFMI - At30 At

M = > v
ZFE)H’ :f ('V_ L()+Mdt

= (-
(@ s m&

Look at this with the perspective of the bigger mass

-—
’vf‘elaﬂvc

*NOTE IN ALL MOMENTUM EQUATIONS USE VELOCITY RELATIVE
TO THIRD PARTY
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Rotational Kinematics

Torque:
r
l e ]
‘A Rigid bedy
Axis of
rotation
T=7TxF
[T =171 F] sing
= {F’ {FJ_!

K

®

N 73
N (/
N LY
N -
\ .
N Py
) s
AY 7

n—_ v’
J

Momen ¢+
O\(m

121 = Il 7
Pi=0sinB
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Moment of Inertia:

Cj I, =nr
9) Tsrs= '_Z:-lm" ri

n JI‘JMKZ
I = SRsz
I-nk'

Parallel Axis Theorem:

Iam _5 Rotational inertia about an axis passing through the
center of mass

1, Rotational inertia about an axis parallel to the axis
passing through the center of mass, and a distance d
away from the cm axis

I(: ILM* M)2
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Fx |
Te=MRt MR
= 2MR?

Perpendicular Axis Theorem (Only for 2-Dimensions):

« For a 2D object, the moment of inertia about an axis passing
through the cm perpendicular to the plane of the object is equal to
the sum of the moments of inertia about 2 mutually perpendicular

axes in the plane of the object is equal

IL!'\: IX "Iy
: Ix=T
I <4
" Icm :2I>'
MR = 2T,
Iy-5mR
Iy
Uniform Disc: ,
)A:ﬂ—(f‘f(}/‘> -/t M" f;/:a
8= (0 F 20k £ 36) -r’ "
o =22rdr In= 2 I
A'ﬂgf JM:/-%E, v2ardr

DIJJM r
I:S(fé 200) 1% s

[-4¢ Jr)r-rl

L= MR
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Non-Uniform Disc:

0 = Densit JT = dm o
o'(r) = 3r YT = )6nef dr
L-[rr],
m= o A= 2ardr Tz aRE
dm=3r*( 207 dr
=6ar’ dr /V\=S€mr’Jf
M:B;R"
[- '
I=§—/4R2

Spherical Shell:

— M- M 2
FES O 7 i2p? = Suf Area JITO’M Rsm® -R¢8 -(Rsind)

(=Rs;n8 JL - 22 €500 (6
/ 5248 I= 2a0k" {sin’0le
M=o JA =2no K" ,Slsm@(l-m‘@)‘)@
=0 2ur a’; O

1

=0 2 Rsin®- P JB 12/Lo’K"( fs/n@Je— {f/nQLWQJ(b

2ﬂo’K"([-4059]: +[é%‘3&’):)
200k (2-5) - Jﬂ.}o‘ﬁ[{

:i 2
3 MK

\\
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Solid Sphere:

Split into spherical shells

M
AL
’a? Vi R
‘(
V=3nr’
Jv = 4ar* /o
Jm= pJv
am:/ol'{/l_fzo,f‘
JI:}‘)MPL \
T= 93 dm =J3r1P7ﬂf’Jr
:%_f V‘folr\
- s 2 2
LS T

l/erJ;u)
Isrlere4 IJif( < I.rL:n ¢ I(‘:'nj
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Non-uniform Solid Sphere:

/Ofée-kr JI:%‘JM[‘I
J =t nrttr r?
SV = ertor 3
I = T’Léje"”r”a’r
Jm=plv C e
Jn=Ce* Hertdr r N 5
3 _ -Kr
(W — “Kv
‘Zrz\}_ kz.e—k(‘
2(,{{_‘ —_k'.!Q—KI‘
\ ke
D _kferkn

T= —Krfe =Y 2k — 2 kP - QUrk e Qe
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Rod:

About a Pivot

About Center of Mass:

]
et

Mmoo JT = Ims
L Jr ¢
Im =2 )n j/I:.,J%rl”"q
Izﬁ—g-—%mi
)\:/—L“— JE‘—/m r*
= )r > L =T her
l/:.
I= fﬁ: r-/e
— m _L’a_
L=7T 1«
C=gmmL’
>I=2T
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Rotation:

Wken Vem '—'\/f:

Pure Ko”fﬂj
rl/\/ = '\/u—l = Vt
W = 1% )ap spee)

—fo: —FFK =AM
EFY ’:FH—Fg
Fn:mﬁ

\emw—mwa
A= -4k 3

'\/FT Ve + Ot

Ve =, — Hes ¢

27 = I

T=T x

29 =0(:7r=0)

TAi=0

20=Che~ hninr = T
o= rMadkr

T

1

Angular accel

We =t rex t
W __A’/n}_gr :

Vk=rw= v -test
PN ) =y - pst
True at the instant of pure rolling

N

€= Gseas 1)

1) The ball initially only has Vcm
2) Vit is created from the torque of friction and then static friction

causes pure rolling

Initially, just vem, Ffk and no rolling
Second, Ffk SLOWS vcm and torque increases Vt
Once they meet eachother, it reaches pure rolling

After long period of time, vem hits zero and its only Vt
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This time, we start with tangential
velocity

Giving the ball an initial spin

£ >
Vi Fex
[:_'O) W =,
t_’B. 'Vm=0
2% s mspir 2 Fy=ra
T =-Mpyr Yo My = i
__"'l;://kr a =34
We = Wittt Ve = st

W '-'Wn-—‘é'\m?]—f/ L

Ye=rw

j/(//(t ‘—(Wo —ﬂ%‘i‘t> r

ey
t_,(/gj DI—RI-) ,>
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- Vem > Vi
f O.o F‘F ﬂ
Friction will point opposite the NET velocity

Fsn
Fa

0

t:OJ’\/‘m:OJIV*/:O

2T = Th Zf=ra
Lot = m3cos®u 1 PIISinG - vigcos@L, = 1A
ot = L"M Q=959 - ¢os@L
MICO SO,
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Using Energy:
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Physical Pendulum:
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Angular Momentum
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Both linear and angular momentum conserved

Angular Momentum conserved about the CENTER OF MASS
+ If its a pivoted object then momentum is conserved about the pivot
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Chain on A Scale Ex.
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