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Changing Acceleration with Basic Dependencies   

1 Dimensional Example:

2 Dimensional Example:

[F = f(t) [F = kti * = a =E

[F = ma a= Stv =St Et

a= N = Vo
,

X = Xoa + t = 0 v = Ym( + 1)
V(t) = ? Vo = (

Y(k) = ? V = Y3mt + Vo

+ Vo

(x=mE + vo)Jt

(tx=mSt ( + + Vo)) +

X =Yam + Vot + C

Xo = C

X(t)= t" + Vot + Xo

X : Ax = 0

A + t = 0: * = 0 = > (tvy = 0 = V + c - 0

t = 0 = > Vx = Vox
Vo = Voxi + Vox j
2F = -mqj = Vox

T ((x = Nox S6t
a = -y)

X = Voxt + c = > t = 0iXo = (

* = Xoi + 15 =Xo + Voxt

Vy(t) = Vox

V(t) = VoxY + (Voy -(t)] y : = Noy - et

dy = -

X(t) = X(t)y + y(t)] Y = - g
(6y = Voo( +

- y)t(t
(6V+

= - jS)t y = Voyt -( + c = ) t = 0 , =

Ny = yt + C

* (t) = ( Xo + Voxt)Y + y + Voxt - (2yz
t = 0

, Vi = Voy => Voy = C y(t) = y + Voyt - (2)

Vy(t) = Noy - yt Vy(t) = Voy - St
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Ex.

[F = - 4Ei + 3
- 7+

y & x(t)= + Y = Vex - Emt
= -+ S6x = Vox(ft - Ym)Edt

t = 0,o =XoY Stvx =

=Ym)t)t X = Voxt - Y/3m(= ) + C

Vo = Vox 1 + Voyj Vx =

- 4/m= + ( X = Vox + - Em + L

Vox = L C = Xo

a(t) =Em +2 Vx(t) = Nex - Emt X(t) = Voxt - Em + X

Ay(t)= = Noym(-

= Sty = VorS(t +mSSt - Yum)5446t
Stry = SetJe y = (oy + mm)t+ +

Vi=( ) + t = 0 = > yo =om + = = % - Tom
t = 0 = Voy=m

+ 1(t) =

% - Tom (Vox +)t+
C = Voy + 3/m

Vy= Nor + Yum
Ny(t) = Noy + yum(l - 0

- t)
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Derivation of integral of ln(x)

yu (use = nor - Jesu
( f(x)= x

(1nx(x = x1nx(x(((nx)
↑

n = 1nx
V = X

= X(nx - Sx(k)(x
= X1nx - Y
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Accelerations Caused by Force that depends on velocity

Drag Force:
• Typically an example of a force that depends on velocity 

a = A - Ev uu(k + v) = (v + Hr)
t = 0 - V = 0

,
X = Xo

+ Si) = BSJe
Y = A - By ( - (n(a- v) + (n(k + v)) = BE +

A + t = 0

Ston =Sot (2x)- 1nk + 1nk) = + =c = 0

( - 23
= BSd

Y2m((n(k + v) - 1n(k - r)) = Bt
↑/8 = k2

Mn(k + v) - lu(k - x) = 2kBt

Sin) = BSJ en) = &BE

=2

k + v = (k - V)22kB +

Seein k + v = ke2k8+
- 2028+

V(l + 22kwt) = k(gk0 +
- 1)

- k (l - 12x0t)

((k + 1) + 0(k- v)
V =

(1 + e2kbt)

(k + v)(k - v)
=Mark + v)

V =-
k(( + b)+( - b) = 1

c - 0 = 0
V = -( )

L = p

* 8/ no v

term on

right

k(c + 0) = 1

k(20) = 1

D = k = C
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Forces

Newtons First Law:
• Object at rests stays at rest and object in uniform motion stays that 

way unless acted on by unbalanced force
• Forces can cause change in state of motion
• Idea of inertia: objects resist change

Newtons Second Law:
• Force is equal to rate of change of momentum

Newtons Third Law;
• Every action force has equal and opposite reaction force

System:
• System of objects: objects have to be connected in some way and 

they all have to have SAME acceleration

System: M1, M2 and String
Internal Forces: Tension
External Forces: Gravity

[F=
M = const

EF = + (MV)
[F= md

M2 >M
,

[Fexternal Fez-Fg
,

Frictionless pully M2 - M , s = (M ,
+M2)a

a = (Mz - M, )y
M , +M2

aFT

>

↑ Fr Fr - Mix =Mia
a

m

Mi ->
F+ = M , (a +5)

g

Mc =) # +
Mz- F5z

F4 ,

↓ F(z
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Ex. 

Ex. Cable of length L and uniform mass M

af->
Ef Mi

Fr
~ En ,

-

& VF,
,

+= m Er Et M2

N VF ,

mca
W

VFyz

[F+
= 0 Ff = N(M , j) 2Fi = 582 - Ft

Fni = F5
, (M ,

+ Mz)a =Mc - N(M , ()
Fn, = M , g a =Mc - N(M , ()

(M , +Mz)

EF, 1
= ma· Fin = Marsh

Linear mass Jensity : MasLength
= X

* +5 =Ma

a =Ey =
6=xydt

t = 0
, y = y

, v = 8 * = + Std =S JEV(X)

(ow = E )y , ! Any= + + C
g Yo Alternate t = 0

, y = 5 /Where 300
(i) &

Sudrey dy Any - Inc =t
Yo

In () =5t
wi)" -o= -) + Y = et

(v(i))2= E(y) - yj)

V(i)=- -) =Favo,= y =3e
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Finding y as a function of time

=-N In+- 1)=t + C

t = 0
,

y = Yo

y = %SeLD +1)= ent
y- 45 = 18590 - 18 t=Seco -1 (

=% fantas
= % SeatandQ Yo

+T =1 +

StSEdt

↑ y= %ext (1 + e(it)

T =et - Y(an #- % = 18t - 21100t + 42

24025 +
= y2(1 + patt)

[Secodo=t + L
1 ==(et +et)

(Sec
4 = Sec + +and

b ju = (sect and + sec)do

S = Et +

Any=yt + c

Mn(Seco + +ang) = (Yz + c
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Simple Drag Force:

Fr = -by t = 0
, V = Vo

2F = Fj - Fo

mj - bu = ma

ms - 6v =
M

~ Fg
St= 4 = ms - Ju

54 = - 66x

(t +=S (v = 04/6
t = E (n + C

t =E (n(ms - (v) +

A + t = 0

C = M1n(ms - br)
t =

-

M/(n (my - (v)+ (n (my - (v)

t =- 4/6(n (my -br) - In (mp - bvo)
-Ymt = 1n(ms

- br)
my - 6 Vo

- Ymt my-62
=

mj-6No

(m4-6vo) in - mp =
- 6v

- (my - bvo)em + ms
=

- y
↓

V(t) =S -

(me-+6ve )
6

V(t)= -my (
# = Vi = terminal Velocity
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Newtons Laws Applied to Circular Motion

Derivation for Centripetal Acceleration

1st/2nd derivative with respect to time

1st/2nd derivative with respect to 
special coordinates 

Tangential Accel
Corioli’s Acceleration

Centripetal acceleration

a

a
Tangent T= xy + y

Co
F = r(o + Usin

Cor 10-8 / 798
°

Cox1T
- == Cassingj⑨ ↑

rcoso Unit Vector

x = (olcos(po -a)(- Y)
Gay = (a) sin (10-0)(5)

Es = -Singi + cosY

In to dot prof .

Should be 06/ Orthogonal

Jytren E = a
↓ t

- +
↓

= rt(cosaitsing) + : + retros (sinay +caj)
= En + rie(cosa + sing) = jrtifsints) + retroref-sing)
=Er +usin = vertisinditosej) tubetrotrasa-sing)
=ri + -Singi + cosaj) =retrotrase-re

>

= jer+
a = (i - r)en + (i + 2jg)20

= (i - r)en + (i +2jg)

Circular Motion rje

↳e const . j = j = 0 zi

rore
=-raterre

&

wirer
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Elliptical Orbit Terminiology:

Circular Orbit:

· Planer212 =

- * sun

Perio ⑳ · Aphelion

*helion

Somior

[Frad = Fy =
M - YeR == v" =

- R

-" E ·
m TcR
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Vertical Circle:

Roller coaster

Center of mass formula (discrete):

1) 2) Fn-Fscos8 =M 3) Fre
Fn - Fy= Fn = m( + (08)
Fn =m( +c) i↳

Fn =m(Y - Ssina) Fn =m( - j)
4) Fu + Fesing = my 5) En +F=

Um=mi
i = 1
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Work

Work: 
• Force dot product displacement
• Constant Force:

• Work measured in Joules
• For changing force:

Ex.

W = Fo 5X = Fax cos

F
-

= FxY + F+ +F

fr = (xi + Gyj + de- -

&
X

w==x+Y
Xi

dw = Firs di
E on =- . do
&dr

~ -rE ·

m

r &
=

-M du for
M ri -> Stwp =- GrAX

Farr)=G WGmM
Wy = GmM( -H
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• Work done by conservative force is path independent
• Potential energy emerged from conservative forces

Potential Energy

·

SUN Ve Ve

-
Va = m Ve

Ju = - F . dr

F =

-J
-

= V= +j+
↳Gradient operator
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Energy

Ex.

this velocity would 
escape Earth

EF
,
si

· [W = <F · An = m . s = AkE
↓

[Wc + [Wnc = Ere-Exi
[- (10) + [Wn = Ent-Eki
& (Uci - Ucf) + EWnc = Ext - Exi

[Uci + Exi + EWnc = Enf + EU re
MEi + SWnc = MEE

Om
,

rie Vesys = -EMRs-.

Nis ris
Om

Oms

Omy

go MR ri = RE + -
RE

Vi = VE Vf = Omys

MF
-

Voi = -Gmai Upf = g

Eni = AmaVE Ent = O

2Wnc = O

M/Vem
V
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Quick Recap:

Particle 
overshoots the 
equilibrium if 
disturbed  Object will not move 

if disturbed

• All Maxima are unstable
• All Minima are stable
• All flat are neutral

W = SF · Gr UseW = -AUc
Fi = -JU =-Gmm(Y)

·

F4 =-

F =-

M
Un

F D

eUnstabrium
- F

②

2Neutral
equilibrium

2 &

~ ⑨

Stable
equilibrium
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Deriving Spring Potential Energy:

Power:

Xi

x5Fs = - kXY ·
(x = (xY

sees"

(w = Fs . (x = - kxY . (xi = - kxbx

(tw=kx

W =[]
Ws=kx ? -Ykx =

Ws = -AU
,

Ws = Vi - Of
Us = Y2kx

p ==
p= =F
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Simple Harmonic Motion

Consider a spring:

K

mem
, x

E
fr

Adm
↓
fs

EF = 0
v =F(x: -x)

-

Ot

: Fn = Fy

& #=(x: - x)

[F = ma
(**x =)ymdt
[ = Mm)dt

u = Y Xo
- kx = ma v= x In =

0Yo

vJr = -Ex(x = Mmt

t = 0
,

X = Xo
,

V = 0
Sin" (u)=Ymt + C

Fs = ma

*↑ Sin(1) = C

(vJr =) x(x Sin" (Y) = MYmt +

t =0
,

X =
Xo

1 = 2)

iv2 = ( */m(x - x*) "Yo = Sin (Fmt + Ye)
YmV" = (2kx: - Y2kx X(t) = XoSin(Fymt + Yc)
kEf + Use = Usi X(t) = X o COS)mE)
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Simple Harmonic Oscillator general equation:

linear combination of solutions 

Another Derivation:

* (t) = Acs((mt) + Bsin(mt)

ma = -kX ( - ir)x = 0
·

a= X

= w

&.
( + in)x = 0

a = -wX #
↓ t

=

= in xe)* = - iw(dt + lax = - iwt +
jx

= wix [* = Ap-int
Jt 2

+we * = iwx -> (nx = iwx + 0

x = Beiwt

G + iw)( - iw)x = 0 X(t) = Active + peint -
-

V(t) = - iwAs-int + in Beine
t = 0

,
X = Xo

,
v = 0

940 = A + B

6 O = -in A + int

o = w - A

Xo = 28

B= = A

X(t) = x (e-it+zint)
= Xo Losfwt)
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Simple Harmonic Oscillator #2:

Pendulum Ex. 

Not simple harmonic 
oscillator b/c not linear

However, in small angle 
approximation:

F
w = Fym

24 t = 8 EFrad = T-Facose =mesing
-

O = Do [Ft =
- FSsinQ- & V = 0 -esine

FT D 8= Losing
S = 18

-

Arc length
f ↑

- -singu Vt = Is
It

Sing = O

-
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Springs in Parallel/Series

Series:

Parallel:

Keffective = Re

k, x ,
= kcxz =ke(X ,

+ Xc)

mrei 6 X=
k

,
x ,

= ke(x ,+
=+

k = x = k
, x + kex

K
,

ke = k
,

+ ke
m

m
ke

·
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Linear Momentum

Center of Mass (Discrete set of masses):

For a Rigidbody/Extended Object (ex. A cone):

Mass can also be represented through density

M2

O
Mi

m=i
En T

D

m
Ms T

& & Es
- A

Un
Ms

O

My

Fim-

m = PV
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Advanced Examples)

Treat empty area as negative mass

Using C as origin

Semi-circular Wire)

Small Disk)
O=
2-D Density Ms = - GA

2R
=

- IR'o

1 Large Disk
o & R
· 8 R

Mi =GA Mar + Ms Un
Xcm =

=G(r(2r))) mi + Ms

= YeRd -
E

s X = E Xcm= -Xiao
-rr X 6s

(f
⑧

rcosf

=Erising) :
= O

Xr1

km=reinin
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Cone)
Divide into disks of thickness dz

2

R V=Rh (M = pdy

p = M/Yzerh (M = Pritz
JM r= R
-

"S ju
= P

↓ m =Per
2 =

=
-
-i
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Semi-Circular Plate)

Cut up into tiny wires
R⑦r X(m = 0 A =1r

&

"Ir (2m= = 21

6 ==r
da = 2erdr

- ↓ half

Ju = 0JA da = erdr

(m =Gerdr

Ym=.
& S

-
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Impulse Momentum Thm.

Impulse and Momentum:

• System as a WHOLE will preserve momentum as long as not 
changed by a foreign object/force

Velocity of center of mass remains  constant 

Assuming Fsys is 0

Ess= Pss =Emi

Fsisdt = GPs
t Pf

(Forste = (tsis = Post - Posi
Pi

↑=Eri
=>i
Pas =mi

EFs=M

20=
↑
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Interactions:

Explosion/Recoil:
• Shooting gun
• Football
• Moving with the same initial velocity —> interaction happens —

> components of system separate

Perfectly Inelastic:
• Same final velocity

Elastic:
• Separate at start and separate at end
• Kinetic Energy is preserved

Inelastic:
• Same as elastic but energy is lost

https://goodnotes.com/


Changing Mass Systems:

Look at this with the perspective of the bigger mass

*NOTE IN ALL MOMENTUM EQUATIONS USE VELOCITY RELATIVE 
TO THIRD PARTY

.:=aYo

EPi = AMG + Mi
[Pf =( + 1m)(y+1) = MV +1mi +Ms + 1ms

MV +Mi +Ms + 1s - SM-T[5p=
= AM( - 5) +Man + 1 Ma

Assume AMM : IM(-) +Mar +AA = AM(-) +Mar
Ivy

E Fexternalm

[Fex+= (-) +M

=
= (-) +m

6
G Fthrust

Trelative
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Rotational Kinematics

Torque:

Another Visualization:

-F

D

↑
s
(b

↑ Rigid body

Axis of
rotation

I = xF

121 = 151/El sing
=I//

-F

is
10

I
Momento

121 = (F1/8/
V = r sin
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Moment of Inertia:

Parallel Axis Theorem:

Rotational inertia about an axis passing through the 
center of mass

Rotational inertia about an axis parallel to the axis 
passing through the center of mass, and a distance d 
away from the cm axis

a
I

,
= m

,
r?

r Om
.

Fe-mer?

g g

g Iss =Emir

-O
JI = JmR

y

m
I = )rdm

I = mR

Icm-

Ip -

Ip = [cm + MJ
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Perpendicular Axis Theorem (Only for 2-Dimensions):
• For a 2D object, the moment of inertia about an axis passing 

through the cm perpendicular to the plane of the object is equal to 
the sum of the moments of inertia about 2 mutually perpendicular 
axes in the plane of the object is equal

Uniform Disc:

Exp Ip =Mr +MR
= CMR2

G g

Icm = Ix + Iy

·
TX

[x = Iy
-

[cm = 2 Iy

MR" = 2 Iy

In = EMR

Iy

(A =1(r + (r) -er = (61 = (mr
↓ Ja = 1(r + 2ndr + () - er

↑

r

da = 21rdr ↓ m= JA E = /Zer)r
·

r or
= Zertr I ! rdr . r

A = 102
↓A = 2erdr

I = [MR
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Non-Uniform Disc:

Spherical Shell:

= Density Ji = dmp
↑

d
G(r) = 3r (JI = )der"dr

·
r

E = Lerryo
(m = 0 da = 0 Zerdr I = 1Ra

↓m = 3r2(Zer) dr
= der"dr M = (der"dr

Y

M=

I=XR
I =3mm)

Surf. Area JI = G22 Rsing .Ra . (Rsing)-r = RSinQ JI = G2rR"sin'Q do
↓s = RJQ

I = 216sinodo
1

(M = 0 JA = 216R"sing(1-cose) Jo
= Zerds
=S Cersing . Re

= 216) single-sinocose do
= 216R"/2- 28] +(48)
= 216R(2 -5)=R
=MR
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Solid Sphere:

Split into spherical shells M

R p = Fer
J

V=er
↑ du = yerJr

Sm = pyv
dm = Pherfr

I = 5 MR
JI = 5 dmr
I = ) = ridm = ) grapherd

R

=0 (rdr
g

==MR

Verdict)
Isphered I disc < Ishell > Irina
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Non-uniform Solid Sphere:
M

P = Lekr JI = 3dmp
R =Lekyerr

du = neidr
J

I= -Kundr
↑ (m = pdv D

ru + 2-krJm = Cekr . Yer'd &
483 --ky

kr

&F = 5 MR 1202 Kekr
&

24r--kekr

24 khe
kn

O -k5kn

I= - Kekr_ upke- 12 ke_ 24rkk- 24 kek
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Rod:

About a Pivot

About Center of Mass:

L ↑= Cl = (mp

⑤ Il sm = Edn (07 =(d
-in I=M

Im Im x= Cl =dmr
D Il

- da == (redl = Edrr
Y

I= i'd
I=
F = EML2

EI = 2I

EE = EML

https://goodnotes.com/


Rotation:

True at the instant of pure rolling

1) The ball initially only has Vcm
2) Vt is created from the torque of friction and then static friction 
causes pure rolling

Initially, just vcm, Ffk and no rolling
Second, Ffk SLOWS vcm and torque increases Vt
Once they meet eachother, it reaches pure rolling
After long period of time, vcm hits zero and its only Vt

SNt 22 = Id

afn

⑳ Vam
r

OVE

VFg
& 2

Ff Vt

When Vim = VE
:

[Fx =
- Fex = -Nrmp = xF

rW = Vcm = Vt Fn = m In = 0

Pure Rolling
&

!
[Fy = Fu-F

,

=
w = angular speed [2 = [Fer = NaRSr = IC

Ma = - NrME Angular accel

a =

- NkS

Vy = V + at We =Ni + C +

V+ = Vo - Nast Wt =
Nkmert

I

Vf = rw = Vo - Nat

C
r/Nkert) = Vo-Na

t= + 1

A
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This time, we start with tangential 
velocity

Giving the ball an initial spin

Fr

O

Wat ufs

& FerVt

t = 0
, w = Wo

t = 0
,

Vim = 0

22 = - msNr [F = ma

Ic = - myNnr MSNr =Ma

C =

- mSNkr
a = YNk

I

We = wi + Xt Vf = Nat

We =Wo-

Vf = Nu

JNnt =Wo-

t=
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Friction will point opposite the NET velocity

If we dont sub for Ff and 
solve for it:

Unable to transition to pure rolling 

N
& Um > Vt

Fjt

↑Ff
.. Ff-

& -

F
(D

t = 0
,

Vim = 0
,

Vt = O

22 = Iffr EF = ma

IC = mycoSON, r ESSing-mpcosON. = Ma

C=
mecoN,

r
a = SSing-PLOSON

.s
-

I

W= Vf = &sing-Post

Vt = ru

sing-plosion
Sind-LoseK=m Ff=in
Sing-Nalospor

It Ff > NsFr

tang-Nk=
tanc= N,

~tant() =>NI tano
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Using Energy:

Pulley With Mass:

KE = KEtr + KErot

Usi + KEi +r + KEiro+= Upf + KEftr + KEfrot

my (h + r) + 0 + 0 = myr + EmVi + 2[w]

2mch = (m+)v
V=

*
Vt = wR

=R
1 Mc > m ,

a = RC
p

m &
No slipping

22 = TzR-T, R = IC = I (a) => (T2 - T
, )R = Im

It Viz (Tz - T
, ) =1

M
,

T, - m, = m , d

nTz M25 - Tz = Mza

Es
,

M2S - m
, C + T

,

- Tz = Msxs &

M2 -
Two diff

↓ tensions

T
.
- Tz + (mz - m

. )( = (m
,

+mc)a

Tz - T
,

= (Mz - m
, )c - (m

,
+mz)a

F = (M2 - m
, )c - (m

,
+mz)a

a=/R
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Yo-Yo:

gTi sti
Mi . El = TzR-TR = IC = If

↓ VTz R(Tz-Ti) = In
Tz (T2 - Ti) =I

m . j

M2 M2S - Tz + T
,

= (m , +Mz)a

N M2Y - (T2 - Ti) = (m , + mc)a
M2S

M2-I = (m , +mala

m2 = (m , + mz(a + I
M2y = a (m , + mc)+ )

a=2) + F/Rz

·

[F = My - T = Ma

T = M( -a)- I:Ms
[2 = T - R = IC a( +M) = My

T
TR =I a=M

T =I
=* M Ja

Es
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Physical Pendulum:

Torsional Pendulum:

Twisting the 
wire

N

Pivoto
[2 =

Feinon
B
I ·->

2 = -k
d

R Restoring Force

*
SHM
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Angular Momentum

If rotation is happening on a symmetry axis 
for a rigidbody:

• Both linear and angular momentum conserved
• Angular Momentum conserved about the CENTER OF MASS
• If its a pivoted object then momentum is conserved about the pivot

Ex. 

& External=

[ =Angular Momentum
>

L=x L : In

Ex)
a P =mi

⑤ O
I = x mi

F /[1 = Mrusing

M

Sticky
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Chain on A Scale Ex.

Force required to stop the chain 

· S
x= Impulse from scale

L
,
M Sp =Myy

Y ↑ Vi =T =
LFlanded Pi = ImEs, F = 4294

=xdi,

Pf = 8

Scale [Fscale = Flanded + F

jp = - x6yE5 = Ap = Xyy + 2xyy
= 3x9y

=3 /

Scale reading

when Y length

falls

https://goodnotes.com/

